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ABSTRACT
This report is a summary of the results of the first
part of the research investigation that is currently under-
way at Fritz Engineering Laboratory on the inelastic column
strength of USS "T-l I1 Steel round bars. It is concerned
primarilj with the influence of residual stresses resulting
from various kinds of processes of heat treatment on the
ultimate ,jarrying capacity of circular columns. In addition,
the problem of the influence of initial deflection has also
been considered. Theoretical analyses are presented and
experiments are described which were carried out to check
the predictions .
•..
I. INTRODUCTION
For use in the development of design information, an
experimental investigation of the strength of round columns
of USS !!T-l!! Steel was carried out in 1956. The 2 3/4 inch
round bars that were used in that experimental study were
stress-relieved. In general it was shown that for the cross
section and material investigated, column curves based on
the stress-strain curve obtained from a cross section test
give a reasonable prediction of the ultimate load-carrying
capacity of concentrically loaded columns. It was also
shovm that the maximum strength of members loaded eccen-
trically can be predicted (Ref. 1) .
Since it has been demonstrated that the influence of
residual stresses on the carrying capacity of a column is
significant, this present study is an extension of that
former investigation to determine the effect of various
processes of heat treatment; e.g., quenching, tempering,
air-cooling, stress-relieving, etc. In addition to the
study of the influence of residual stresses resulting from
these various manUfacturing processes, residual stresses
which result from cold straightening may also be of practi-
cal importance and the second phase of this current inves-
tigation is concerned primarily with that problem.
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This report, which summarizes work on the first phase,
will be concerned with the investigation of the influence of
residual stresses due to heat treatment on the strength of
concentrically loaded columns. Theoretical analyses of the
behavior of such members will be presented. These will take
into account both the effects of the residual stresses and
initial deflections. Tests will be described whic~ were
carried out to provide basic information for the theoretical
study; e.g., magnitude and pattern of residual stresses, and
also to check subsequent theoretical predictions; e.g.,
column tests.
II. TEST PROGRAM AND DESCRIPTION OF MATERIAL
2.1 Classification of Materials
Fifteen, 2 3/4 inch-diameter solid round bars of USS
"T-I" Steel, each approximately 30 feet long, were supplied
by the United States Steel Corporation for the experimental
work. These were manufactured by the different processes of
heat treatment described in the following classification of
'.' I
material:
USS liT-I" Steel
Item No. I-A Quenched, bent, tempered and
air-cooled
Item No. I-B Quenched, bent, tempered air-
cooled and straightened
272.1
Item No.2
Item No. 3
Item No. 4
Item No. 5
Quenched, bent, tempered, air-
cooled, straightened and
stress-relieved
Quenched, tempered and air-cooled
Quenched, tempered and quenched
Quenched, tempered, quenched and
stress-relieved
-3
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Item No. 2 is the same heat treatment process used in .the
1956 study.
To afford a means of comparison between members of high
str'el'lgth USS liT-I" Steel and carbon steel, a supplementary
series of tests was planned for AISI 1020 Carbon Steel bars.
These were also 2 3/4 inch-diameter rounds and were supplied
by the United States Steel Corporation. The material was
classified as'follows:
AISI 1020 Carbon Steel
Item No. 6-A Bent and stress-relieved
Item No. 6-B Bent, stress-relieved and
straightened
Item No. 7 Bent, stress-relieved,
straightened and s,tress-relieved
As was pointed out in the introduction, the first phase
is concerned primarily with the determination of the influence
of the residual stresses resulting from heat treatment. For
this reason only Items No.3, 4 and 5 will be considered in
this report. The remaining items, which include the influence
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of cold-straightening, will be discussed in a future report.
2.2 Chemical Composition of Materials
The chemical composition of the materials based upon
the mill "ladle analyses" reports is listed in percent in
'rable 1.
2.3 Test Pro"gram
Five different types of experiments were carried out
in the reported stUdy: tension coupon tests, Poisson's ratio
measurements, residual stress measurements, cross section
tests and column tests. Table 2 summarizes the test speci-
mens and their test designations. Figure 1 gives the
location of the various specimens in the original bar lengths.
In t~e following sections, each of these tests will be
I
described in detail and the results will be summarized.
2.4 Tension Coupon Tests
standard tension coupon tests were performed on speci-
mens of the USS liT-I" Steel and AISI 1020 Carbon Steel. They
were carried out in a 120,000 lb., screw-type, universal
testing machine.
272.1 ;...5
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Two coupon test specimens were prepared from each of
the 30 ft. bar lengths. These were obtained at the mid-
radius from one end of the bar and were machined to proper
ASTM Standard dimensions (Ref. 2). Figure 2(a) isa sketch
of the coupon specimens.
Loading sp~ed during the tests was controlled in the
following manner: Within about 80 percent of the anticipated
yield level, which had been predicted from a consideration
of the stress-strain diagram supplied by the manufacturer
using a 0.2 percent offset method, the strain rate was
250 micro inches/inch/second. Thereafter it was reduced to
less than 80 micro inches/inch/second to obtain the yield
level. , In this region the static yield value was also
obtained by a complete stopping of the movement of the
crosshead of the testing machine (Ref. 3).
A 2 inch gage length electric extensometer connected
to an automatic recording device was attached to the coupon.
Elongation of the specimen was measured by this device
until the strain had reached a value of approximately
0.036 in./in. at which time the extensometer was removed
and the specimen was loaded to fracture. A ,higher rate
of loading was used in this latter range. It should be
pointed out that each of the tension coupon specimens
failed in a ductile manner.
-6
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Typical coupon test results are shown in Fig. 2(b).
It should be noted that the idealized elastic-fully plastic
stress-strain relationship is a good approximation for
USS "T-l" steel.
Table 3 summarizes the mechanical properties obtained
from the tension coupon test results.
2.5 Measurement of Poissonvs Ratio
As will be noted in the following section of this
report, when determining resid~al stresses by the Sach's
method, it is necessary to know the Poisson's ratio of the
material in question.
For this purpose, four flat bar tension specimens of
1 1/2 inch width and 1/2 inch thickness were machined from
the center part o~ the round bar. On each of these bars,
two sets ofAX~5 Rosette type SR-4 strain gages were applied;
one on each of the wider sides of the specimens. Tensi~e
forces less than those required to produce yielding were
applied to the specimens by the 120,000 lb. testing machine.
Taking account of the proper correction factor for
Rosette type strain gages, k, the actual strains in two per-
pendicular directions were obtained from the apparent strain
gage readings by using the following formulas:
272.1
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t: 1 = . = k
t:2 = E2
8;
= k
t:1 and t:2 are the strains in the direction of/and
perpendicular to the applied tensile force,
respectively, and
j
t: 1 and E2 are the mean values of corresponding
SR-4 strain gage readings on both sides of the
specimen, in the direction of/and perpendicular
to the applied tensile force, respectively.
Poisson's ratio of the material is then given by the ex-
pression
Table 4 summarizes the test results.
Young's modulus was also obtained directly from the
stress-strain relationship of these tests and these results
are given in Table 4.
III. TESTING PROCEDURE AND RESULTS
3.1 Residual stress Measurement
Since in cylindrical bars the residual stresses re-
suIting from heat treatment can be assumed to have an
axially symmetric distribution, Sach's method was used for
determining the three principal residual stresses in the
Bxial,tangential and radial directions (Ref. 4).
,
.
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The magnitude and distribution of these residual
stresses is very much influenced by the process of heat
treatment used in manufacturing. It has been found that
two different types of stresses, thermal stresses and trans-
formation stresses, will be produced if the steels are heated
a.bove their upper critical temperature (Ref. 5). In general,
the distribution pattern of these stresses can be predicted
from qualitative considerations. Hence it is expected that
!>elatively high residual stresses exist at the outer part of
the circular cross section. It is this region, however,
which contributes most to the bending rigidity of the member
and thereby to its column strength. An accurate determina-
tion of the distribution of residual stresses in the outer
part of the cross section is therefore of uppermost im-
portance.
The 8ach's method, which was used to determine the
residual stresses, consists of removing by machining a
blOwn amount of material from the specimen in question, and
measuring the corresponding release in "locked-in" strains.
Even if a large amount of coolant is used for this boring
"
operation, it is quite probable that the material adjacent
to the drilled layer will be yielded due to the heat
generated and thereby cause unexpected disturbances in the
measured strain distribution. The influence of this con-
dition can be considered a local effect and safely ignored
272.1 -9
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if strain readings are made on surfaces sufficiently removed
from the bored layer. This, however, points up the diffi-
culty that would be encountered when trying to determine the
complete residual stress pattern using only the "boring-out
method" .
Btthler (Ref. 6) has shown that the complete pattern of
residual stresses can more readily be obtained by using a
so-called "combined method" together with the "boring-out
method". The "combined method" consists of two distinct
steps. The specimen is first bored out to a preselected
diameter and measurements of the change in strain are made
at the outer surface. Strain gages are then applied to the
inside surface of the bored bar. The specimen is then
turned down on a lathe from the outside, strain reading being
recorded at each successive cut.
Thus, for each item of material, two test specimens
were prepared from originally identical bars. These were
supplied for the folloWing two separate processes of resid-
ual stress measurement:
a) Boring-Out Method
The 2 3/4 inch diameter solid cylindrical specimens
were cut from the long bars into 8 inch lengths (about
3 times the diameter). These were faced at both ends
and four pairs of AX-5 type SR-4 strain gages (nominal
272.1 -10
gage length 15/32 inch) were applied in intervals
of 900 around the outside surface at the mid:length
of the specimen. Liquid neoprene brushing compound
was used to waterproof the gages.
The specimen was then set up in a boring machine
.~
,
.
I
.
and was held in position by a special. fixture having
four positioning and holding screws at both the top
and bottom ends. Figure 3 shows the setup and drills
used for this experimental work.
After centering the specimen, it was bored out by
special drills of 1/4 inch to 2 1/4 inch in diameter
increasing in 1/8 inch increments •. The drilling speed
was regulated from 354 rpm to 60 rpm depending on the
diameter of the drill used. A running oil coolant
system was used to cool the specimen with the average
temperature increase during the boring operation being
less than 15°F. The temperature changes were measured
by a surface thermometer.
b) 'Combined Method ("Boring~Out" and "Turning-Down")
Using an 8 inch long specimen identical to that
described in the preceding section, the member was
first bored-out to 1 1/2 inches inside diameter and the
change in strain readings were measured on the outside
..
surface. This part of the operation provided a check
on the results of the Boring-Out Method specimens
discussed above.
Two pairs of A-7 type SR-4 strain gages (nominal
gage length 1/4 inch) were then affixed on diametrically
opposite sides of the inside surface of the bored speci-
men. These were applied in both the axial and the
tangential directions.
The specimen was set up in a lathe by means of a
specially fabricated mandel, as shown in Fig. 4, and
successive layers of 1/32 inch thickness were machined
from the outside surface. This process was continued
until the outside diameter was approximately 2 inches.
As in the case described previously, a large amount of
coolant was used. Tightness against moisture, however,
was maintained by using pipe joint cement between the
specimen and the mandel.
After each stage of machining, wires from the
strain indicator were connected to the SR-4 gages.
This was accomplished by soldering them directly to a
terminal lug plate which was affixed to the turning
chuck of the lathe, thereby minimizing the possibility
of fluctuations in electrical resistance due to in-
complete contact of lead wires. The wires were dis-
connected after each set of readings had been completed.
c) Results of Residual Stress Measurements
The residual stress in the three principal
directions, i.e., crz in axial, cre in tangential and
crr in radial direction, in the 2 3/4 inch diameter
USS "T-l" Steel bars (Bars No.1, 2, 4, 8 and 14)
were computed as recommended in Ref. 7, from the
following equations~
8 = eg + vez
"Boring-Out Method"
I
"
..
,
.
1flhere
cre(x) - E [(I-X) de _ l+Xe ]
- l-v2 dx 2x
x - !1.cl
A
A(r) = Area ~nclosed by radius "r"
"Combined Method"
crz(x) = cr~(x) cr;'(x)
crg(x) = crg(x) crg(x)
crr(x) = crf(x) cr;(x)
Eq. 3.1
Eq. 3.2
272.1
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(J~ (X) E [ (x-xi) d"lr + -t J=
- I-v2 dx
(Jg(x) E ( d8 + X+Xi®J Eq. 3.3= --- (x-xi) --
I-v2 dx 2x
(J~(x) = _-L [ X;~i eJI-v2
xi =
A(ri)
A
The single primed stresses refer to those which remain
in the bored-out specimen after it has been drilled to the
inside diameter, 2ri (for the spec~mens in this series 2ri
equals to 1 1/2 inches). The double primed stresses are
I
those which correspond to the chang~ due to the boring opera-
ti0n up to 2ri. They are determined from the following
equations:
Eq. 3.4
= E [12-Xx 8 (Xi)l
- I-v2 J
I
.
•
,
Figure 5 shows typical curves of y and 8 that were
determined from the test data for both the boring-out and
turning-down methods. These were obtained from average
values of the strain gage readings.
272.1 -14
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The final results of this series of measurements in
terms of residual stress distributions are shown in Figs. 6(a),
6(b), 6(c) and 6(d). It can be seen that fairly close agree-
ment exists between the two independent test results in that
region of the cross section where both methods were applied.
From the derivation of Sachts equation, it can be shown
that if only the boring-out method is used, the equilibrium
condition of resulting forces over the entire cross section
will always be satisfied, regardless of the distributions of
i!" and ®. Consequently, the equilibrium condition is not
sufficient to check the test results. If, however, two
independent processes such as the boring-out method and the
combined-method are used on two specimens taken from iden-
tical material, it is then possible to perform the equilib-
rium'check on the final result.
This equilibrium check was carried out for all of the
test results in this series by using a planimeter. The
difference between the computed tensile and compressive
forces were in all cases less than 5 percent.
3.2 Equivalent Residual Stress
When analyzing the effect of residual stresses on
column strength, it is convenient to introduce a fictitious
residual stress called the "equivalent residual stress",
272.1 -15
aR, such that the yield condition can be simply expressed by
the following equation as in the uniaxial case:
Eq. 3.5
where a is the compressive stress due to the applied loading,
and ay is the yield stress in simple tension.
The cylindrical columns in question, however, contain a
triaxial state of residual stress, az, ag and are When such
a system is subjected to an additional axial compressive
stress, a, yielding will occur at points where Mises l yield
condition is satisfied:
Combining Eqs. 3.5 and 3.6, the "equivalent residual
stress" is expressed by the following formula:
Eq. 3.7
•
Using the static yield level of the material determined from
the tension coupon test results, the equivalent residual
stress in each bar was computed.
Assuming that the pattern of the equivalent residual
stress distribution can be approximated by the equation
•
·
Eq. 3.8
272.1 -16
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where p is the nondimensional ratio of the radius in question,
r, to the. total radius of the circular cross section, R; the
three constants a, ~ and n can be selected such that the
experimental results are best approximated in the region
desired. As was pointed out earlier, the closer the approx·
imation at the outer part of the cross section which con-
tributes most to column strength and which contains the
highest compressive residual stresses, the better will be the
column strength prediction. In the case of Bar No.8, for
example, the three constants were obtained by matching the
analytical expression (Eq. 3.8) with the experimental results
at p = 0.70, 0.95 and 1.00. The resulting constants were
a = 0.459
~ = 0.000
n = 19
Figure 7 shows the comparison between the assumed equivalent
residual stress distribution and the test results of Bar No. ;8.
The approximation given by Eq. 3.8 is only valid for
the outer part of the cross section. A better result over
the entire range can be expected by assuming the following
formula:
°R(p)
= apn + ~ + (p2Oy
27201
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However, as will be shown in Chapter 4 of this report, the
effect of using this more involved expression on the com-
putation of column strength is negligible except for very
short columns.
3.3 Cross Section Test
a) Test Procedure
To obtain an average compressive stress-strain
curve for the cross section as a whole, tests of short
stub columns were conducted in an 800,000 lb. screw
type testing machine on specimens of each of the
different items described in Art. 2.1.
The specimens were the full 2 3/4 inches in diam-
eter and were approximately 11 inches long. This length
was sufficient to ensure that the residual stresses were
essentially in their original condition at t~e mid-length
of the specimen. At the same time, it was sUfficiently
short that no buckling could occur. Both ends of the
specimen were machined parallel and two pairs of
adjustable circular wedge discs, top and bottom, to-
gether with two end plates, were inserted between the
s.pecimen and the tes ting machine.
272.1 ~18
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The axial shortening of the specimen was measured
by two 1/10,000 inch dial gages located on opposite
side.s of the bar over a 5 inch gage length. Four A-I
type SR-4 strain gages were also affixed at the mid-
length at 90 0 intervals around the outer surface.
Figure 8 shows the test setup with the cross section
test specimen in the testing machine.
Prior to the actual test, the stub column was aligned
in the testing machine by adjusting the wedge discs with
a load of approximately one-sixth of the anticipated
yield load applied. Adjustment was continued until ~he
maximum.deviation from the average value of the SR-4
strain readings was less than 5 percent.
Since it was predicted from the results of the
residual stress measurements that yielding should start
from the outside surface of the bar, whitewash was
applie~ on the specimen. As the mill scale flaked, a
visual indication of the yielding process was thereby
In the yield range, increments of strain were
applied to the specimen and readings were taken only
after a stabilized load and strain condition was
realized •.'
,.
272.1 -19
b) Test Results and Comparison.with the Results of
the Residual stress Measurements
From the average values of the two dial gage
readings, the shortening of the stub column over the
5 inch gage length was obtained at each stage of
loading. These results have been shown in the form of
a stress-strain diagram in Fig. 9. Comparisons between
these values and those obtained from the SR-4 strain
gage readings were made and the deviations were in all
cases less than 3 percent.
It is also possible to predict the average stress-
strain relationship from the results of the residual
stress measurements (using the equivalent residual
stress pattern) and the static yield level obtained
from the tension coupon tests. For example, the
results for Bar No.4, which were obtained by graphi-
cal methods, are given in Fig. 9 and show a compara-
tively good agreement with the cross section test
results.
Since the resultant force determined by integration
of the equivalent residual stress pattern over the
entire cross section does not necessarily vanish, it
should be anticipated that the yield level predicted
from the tension coupon test results will not necessarily
272.1 -20
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coincide with that determined from the cross section test
and such was found to be the case. The difference between
these two values is due to the effect of the triaxiality of'
the residual stresses in the solid cylindrical column. In
the case of Bar No.4, for example, the static yield level
of the material obtained from tension coupon test results
was 117 ksi. On the other hand, the average stress level
where the entire cross section of the specimen became fully
plastic was computed as 113 kai. The difference between
these two values corresponds to the resultant force of the
quivalent residual stress GR divided by the cross sectional
area, or
~ IcrRdA = 4 ksi
Using the stress-strain diagram obtained from the
cross section test, compared with the results of the resid-
ual stress measurements, the value of the lI effective ll tangent
modulus, Et, can be determined for various values of the
average stress in the column. As will be discussed later in
Chapter 4, both the tangent modulus load and the reduced
modulus load can be computed using this value ofEt.
272.1
3.4 Column Test
a) Test Procedure
-21
,
•.
Full scale column tests with concentric loading
were conducted in the 800,000 lb. testing machine. The
same flat end fixtures were used that were described
in the previous article.
Column test specimens were selected from the
straightest parts of each of the supplied 30 ft. length
bars. These were, after machining to length, measured
for initial deformation. Measurements were made in two
perpendicular directions at 6 inch intervals along the
length of the member (see Fig. 10). The dimensions of
the column specimens are listed in Table 5.
Since the columns were tested in essentially a
flat-ended condition, it was necessary to determine
the variation of the curvature along the member to be
able to ascertain the correct effective length factor,
K. Four A-I type SR-4 strain gages were applied to
the column at each of seven loc~tions along the axis
of the specimen (see Fig. 11). From the results of
tp.ese measurements, it was possible to determine the
actual location of the section of zero curvature.
The SR-4 gages were also used for the alignment of
the column.
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Lateral deflections were obtained in two perpen-
•
,
i
,
.
.
.
dicular directions as shown in Fig. 12. At the top,
middle and bottom of the column, measurements of the
lateral movement of the specimen were made by means
of 1/10,000 inch dial gages connected to the member
by tension wires. The total axial shortening was also
observed.
A method similar to that described in the preceding
article for the cross section tests was used when
aligning the column. In this case, however, a load
equal to approximately 30 percent of the load antici-
pated to initiate yielding was applied to the specimen.
b) .Test Results
From two sets of strain differences between two
readings of opposite side strain gages at each section,
the distribution of principal curvature along the
specimen can be readily computed (Ref. 1). The distance
between inflection points determined from this dis-
tribution defines the effective length of the column,
KL. The test results showed an almost constant loca-
tion of the inflection points as loads increased (see
Fig. 11).
272.1
The 1/10,000 inch dial gage readings of lateral
=23
displacement were sUfficiently accurate such that the
behavior of the column could be followed from an early
stage of loading. The maximum load was determined from
both a load-lateral deflection curve and from a plot of
load versus total axial shortening of the column. The
column test results are summarized in Table 5.
When analytically investigating the strength of
columns, it is frequently necessary to assume a par-
ticular form for the deflected shape of the member.
One such assumed deflection configuration is
y(z) = dcos II
. KL Eq. 3.9
•
where d is the maximum deflection of the member which
occurs at the mid-length. From this expression, the
necessary relationship between centerline deflection,
d, and curvature, ¢, at the mid=length becomes
2d = (~L) ¢. Eq. 3.10
"
eo
•
·
·
·
Figure 13 shows that from the test data obtained this
assumption is satisfactory.
27201
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IV. THEORETICAL ANALYSIS. OF THE STRENGTH OF CIRCULAR COLUMNS
4.1 Tangent Modulus Load
According to the "Tangent Modulus Theory" introduced by
Engesser, the average critical stress of centrally-loaded,
perfectly straight columns in the inelastic range is given by
the equation
1T" 2 Et
= -----(KL/F) 2
Eq. 4.1
This formula presumes that the material is homogeneous and
that its stress-strain characteristics are known.
If on the other hand an idealized stress-strain relation-
ship is assumed for the material and residual stresses are
taken into account, it has been shown that the following will
be the equation for the critical stress (Ref. 8, 9):
• 1f 2 E Ie
(KL/r )2 I Eq. 4.2
'.
•
·
.
·
In this equation EIe is the effective bending rigidity of
the column.
The specific problem of a circular cylindrical column
which contains relatively high compressive equivalent resid-
ual stresses of the type discussed in Chapter 3 will be
analyzed. When increasing compressive loads are applied to
the column, yielding will start from the outside surface.
Assuming perfect straightness of the member, the elastic
272.1
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core is bounded by a concentric circle having a radius reo
Resistance to bending of such a cross section is dependent
on the moment of inertia and the applied stress distribution.
Nondimensionalized, for the situation in question, this would
be
Eq. 4.3
From equilibrium considerations, it can be shown that
the follpwing also holds:
Eq. 4.4
Equation 4.2 can therefore be written as follows:
Eq. 4.5
•
I.
I
.
It should be noted that this formula gives a lower prediction
of critical stress than that defined by Eq. 4.1 .
The column curves that were shown in the previous
report (Ref • 1) are based on Eq. 4.1. It will be shown in
the following article that this latter equation approximates
the reduced modulus load.
4.2 Reduced Modulus Load
The Reduced Modulus Load corresponds to that particular
load at which the member is, at least theoretically, in-
different with regard to a deformed position. From a
272~1 -26
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practical point of view, it is questionable whether such an
analysis is worthwhile. It does, however, represent an
upper limit to the load carrying capacity of the member and
has therefore been included.
In this discussion, it will be assumed that the sim-
plified stress-strain relationship shown in Fig. 14 is appli-
cable. The bending rigidity will be defined as that which
is effective for an infinitesimally small increment of
moment, strain reversal being allowed. This can be computed
by assuming certain positions of the neutral axis of bending
of the cross section, maintaining the condition that there
shall be no increment in the axial thrust.
The resulting equations are as follows and are shown
in Figs. l5(a) and l5(b):
Determination of the position of the neutral axis, S,
.P
".
•
•
.
·
1 ~ 2 -I
- 31l-s (2+s )+scos s = 0
(Fors~Pe) ,
1fP~s - ~ rl-s2'(2+s2)+scos-1 s = 0
(For s>: Pe)
Eq. 4.6
272.1
Effective bending rigidity,
J: [.~ 2.r::Y7 2 2 J
- 3ir 11-'; (13+2'; ) -1Pe ~.;. (13Pe+2'; )
(For'; $Pe) ,
¥ =; [1T p~ (p~+4.;2) + (1+4.;2) C08- 1 .;)- f;; 11-.;2'(13'1-2.;2)
(For .; ~ Pe)
Eq. 4.7
It can be seen from Fig. 15(b) that the effective
bending rigidity based on the reduced modulus concept is
approximately p~oportional to (Ae/A), whereas that corre-
sponding to the tangent modulus theory is proportional to
(Ae/A)2. In other words, it follows that
"-
-. 1f
2
E (EEt )
(KL/r )2
Eq. 4.8
,
0 •
••
4.3 Ultimate Load Carrying Capacity of Concentrically
Loaded Columns
In the preceding two articles, the behavior of per-
fectly straight circular columns SUbjected to concentric
,..
".
•
•
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axial thrusts was considered. Two different criteria for
predicting the buckling load were discussed. In both of
these it was assumed that the member remained in the
laterally undeformed position until the particular critical
load is reached. On the one hand, at the tangent modulus
load the member starts to bend only if the applied loads
are increased.. It therefore represents a "stable" equi-
librium configuration with the member being capable of
carrying additional load (Ref. 10). The reduced modulus
load, on the other hand, represents an impossible to obtain
upper limit to the maximum column load--the member being
required to remain absolutely straight until that particular
load is applied.
A general analytical solution to the maximum carrying
capacity of a column is extremely difficult to obtain. For
I
this reason, several approximate methods have been proposed
for certain types of cross sections (Refs. 11, 12). In
this investigation, a graphical approach for obtaining a
solution has been used.
Although there are many factors which might cause a
reduction in the ultimate carrying capacity of concentrically
loaded columns, the influence of residual stresses and
initial deflections will be the most significant. In the
discussion that will follow, the problem of residual stress
.'
'.
•
•
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will first be considered. Initial deflection will then be
covered. Finally, a method will be proposed whereby the
combined effects of these two factors on the maximum carrying
capacity will be taken into account.
To compute the .ultimate load, the method first proposed
by Jezek (Ref. 13), extended to include residual stresses,
will be used. The following assumptions are made:
(1) The material possesses the idealized elastic-fully
plastic type of stress-strain relationship
(Fig. 14),
(2) Plane cross sections remain plane,
(3) Mises l yield condition defines the yielding of
the material,
(4) Lateral deflections for the region between points
of inflection, resulting from flat end testing
of the columns, can be approixmated by a cosine
curve. Furthermore, the relationship between
the maximum deflection and the curvature at mid-
length is expressed by Eq. 3.10 (see Art. 3.4),
(5) The equivalent residual stress pattern has axial
symmetry and is defined by Eq. 3.8 (see Art. 3.2).
After yielding has taken place, the stress distribution
pattern at any section within the yielded zone is as illus-
trated in Fig. l6(a). For the sake of simplicity in analysis,
this distribution will be divided into three patterns:
a) a linear distribution, 0e; b) a correction pattern for
the yielded zone,Ao; and c) the equivalent residual stress
pattern, OR.
272.1
In the elastic region
a = ae
where
-30
IEq. 4.9
and
In the plastic region
a = ae - Aa IEq. 4·10
where
Eq. 4.11
Due to the combined effects of axial thrust and bending
moment in members which contain comparatively high residual
stresses at the outer parts of the cross section, there are
two possible different types of patterns for the yielded
zones. These are shown in Fig. 16(b). The proper choice
of these t~o patterns depends on the following:
Elastic o~ "- ~ (l-a-~)-cp Eq. 4.12
Elasto-plastic Case (A): (l-a-~)...;cp~,,-~(l-a-~)+cp Eq. 4.13
where
Elasto-plastic Case (B): (l-a-~)+cp < "-
"- = aa/cry , and
Eq. 4.14
"0
•
•
cp=¢ER
ay = nondimensional curvature .
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From Eqs. 3.5, 3.8, 4.9, and 4.11, the boundary between
the elastic core and the plastic zone is given by the following
expression
Eq. 4.15
To make this calculation simpler, it will be assumed that
this boundary line can be approximated by the following ex-
pression
Eq. 4.16
where Po .~nd IJ. are independent of the coordinates P and 9
and can be determined in the following manner:
C~se (A)
At G = 0, P = Po which is a root of the equation
Eq. 4.17
and the limiting angle for the boundary line, 9*,
is given by the equation
Eq. 4.18
Therefore,
Eq. 4.19
'.
..
. .
Case (B)
Po is obtained from Eq. 4.17. At 9 =~,
P = Prr which is determined as a root of the
equation
Eq. 4.20
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Therefore,
1 ( P'!r )1.1. = - log -Tr e Po
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Eq. 4.21
The total axial thrust applied to the column, P, and
the internal moment developed in the member at the section
in question, M, are readily computed from equilibrium con-
siderations.
P = ) adA
- J~adAp
- aaA - (Plastic Zqne)
which can be·expressed nondimensionally as
= F(7I.,<p)
Also,
M = Iarcos9dA
= rJ f~arcos9dAp
Elp - (Plastic Zone)
Eq. 4.22
Eq. 4.23
The functions F(A,<p) and G(A,<p) are given in the Appendix.
At the mid-length of the effective length of the column,
the foilowing relation must be satisfied
e.
M = P(do + d) Eq. 4.24
272.1
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do = initial lateral deflection at mid-length of
effective length of column, and
d = lateral deflection at mid-length of effective
length of column.
Introducing a new nondimensional parameter for the slender-
ness ratio of the column,
tJ'here
Tj =
(¥)
(~)~~ Eq. 4.25
( KL){~ - (!i.~ -1f-I' . cry
it is possible to determine the value of <p for assumed
values of A by graphical method according to the following
equation
where
~ =1r(0 +,0
do
00 = R
r/ )4 <p Eq. 4.26
:'
\
'.
,
•
Thus, for various values of initial deflection, 00' and
.slenderness ratio, Tj, load versus curvature diagrams or
load versus deflection curves (using Eq. 3.10) can be
obtained.
272.1·
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For perfectly straight columns, both the tangent modulus
load and the reduced modulus load can be computed from
EqsQ 4.5 and 4.8, respectively. Figure 17 shows nondimensional
tangent modulus column curves for those columns which corre-
spond to Items No.3, 4, and 5 of the test program. This
gives an indication of the influence of the different pro-
cesses of heat treatment on the strength of concentrically
loaded circular columns. For the purposes of comparison,
the reduced modulus load has also been shown for the cases
of Bars No. 1 and 4. The maximum difference between the
tangent modulus load and the reduced modulus load is about
7 percent.
Where the magnitude of the residual stress in a column
is negligible when compared to its yield stress level, the
maximum carrying capacity will be influenced primarily by
the magnitude of the initial deflection. Such a material
in this test series would be those corresponding to Items
No. 3 or 5 which were tempered or stress-relieved as the
final manufacturing process. The relatively low residual
stresses in these members are shown in Figs. 6(a) and
6(b). For such members the column strength could be com-
puted without considering the effect of residual stress.
F'igure 18 is an example of the load deflection curves and
the results of column test (T.No. 1-6) are compared with
the theoretical curve.
~35
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Material of Item No.4, which was quenched in the final
manufacturing process, contains remarkably high residual
stresses as was shown in Fig. 6(c) and 6(d). For those
materials such as Bar No.8, where the maximum equivalent
residual stress was computed to be 46 percent of the yield
stress, the effect of both the residual stress and the ini-
tial deflection must be taken into consideration in order
that a realistic prediction of the column strength be
obtained. Using the pattern of equivalent residual stress
for this material (see Fig. 7), the corresponding load
deflection curves were obtained' for several assumed initial
deflection values. The corresponding test results are com-
pared with the theoretical curves in Fig. 19. As will be
noted, the degree of correspondence is reasonable.
Table 5 summarizes the column test results and compares
them with theoretical predictions.
The behavior of initially straight columns can best be
observed from the load deflection diagram for °0 = 0 shown
in Fig. 19. The maximum load the member can carry is only
slightly higher than. the tangent modulus load. This load
then represents a good approximation to the ultimate
str~ngth solution.
Figure 20 indicates the results of the analysis on
the ultimate strength of column members taking into con-
sideration both the effects of initial deflection and
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residual stresses. The computation has been made for an
assumed equivalent residual stress pattern given by
Eq. 3.8 with the numerical values a = 0.459, ~ = 0 and
n = 19. It can be seen from this figure that a remarkable
loss in .the ultimate load carrying capacity must be antic-
ipated for columns with even a small amount of initial
deflection. This is especially pronounced in the region
1') = l.o.
Concerning the column test results as influenced by
unavoidable eccentricities in their loading, it should be
pointed out that it is unnecessary to take them into con-
sideration for the setup used in this investigation. The
effects of any unknown end moments are automatically taken
care of through the direct measurement of the curvature
along the member.
Y..!. SUMMARY OF RESULTS
The following is a summary of the analytical and ex-
perimental results as presented in this report.
)
'.
.
•
,;'
1) The residual stresses resulting from different pro-
cesses of heat treatment were measured by the Sachls
procedure using two independent methods, the "boring-
out method" and the "combined method". From these it
was possible to obtain a reliable magnitude and
272.1
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distribution of the residual stresses present in the
various members. It was found that the specimens
from Items No. 3 and No.5, which were tempered or
stress-relieved in the final heat treatment process,
contained less than approximately 20 ksi. On the other
hand, the quenched material (Item No.4), contained
high residual stresses in compression, the maximum
values of which were approximately 80 ksi and occurred
at the outer surface. (See Fig. 6(a) to 6(d).)
.1
'\
...
.
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2) To facilitate the analytical solution to the column
strength problem, an equivalent uniaxial residual
stress distribution was defined, rather than dealing
\
with the actual triaxial state present in the member.
The Mises l yield condition was satisfied in the
selection of this equivalent pattern and the resulting
hypothetical distributions were approximated by poly-
nominal expr~ssions (Eq. 3.8).
3) Cross section tests from each item of material were
conducted. From these tests average stress-strain
relationships were obtained. They were checked
against an average stress-strain curve calculated
from the results of the residual stress measurements
together with the static yield stress level determined
from the tension coupon test data. (See Fig. 9 as
an example.)
'.
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4) From the theoretical analysis of the strength of cir-
cular columns, the tangent modulus load and the reduced
modulus load were obtained in terms of the tangent
modulus, Et. It was then shown that the actual tangent
modulus load is proportional to (Et/E)2, whereas the
reduced modulus load is approximately proportional to
the ratio (Et/E). It should be noted, however, that
for the materials tested, the differences between these
two loads are not too significant, the maximum deviation
being about 7 percent. (See Fig. 17.)
5) In analyzing the behavior of circular columns, account
was taken of the effects of residual stresses and ini-
tial deflections of the column. The load versus de-
flection curves were computed for several parameters
of slenderness ratio and initial deflection and the
column test results were compared with these curves.
(See Figs. 18 and 19.) For Items No.3 and No.5,
which contained comparatively low equivalent residual
stresses, column strength can be analyzed from a con-
sideration of only the influence of an initial de-
flection. On the other hand, for Item No.4, where
the maximum equivalent residual stress was about
46 percent of the yield level of the material, a
fairly good agreement with the theoretical prediction
could be obtained only when both residual stresses and
initial deflection were considered, (See Table 5.)
"0
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6) The maximum load carrying capacity of a perfectly
straight circular column containing comparatively high
residual stresses was computed (see the limiting case
of 00 = 0 in Fig. 19. It was found that the difference
between the maximum load that the member could carry
and the tangent modulus load was exceedingly small.
The ultimate strength of such a member can therefore
be approximated with a high degree of accuracy by
the tangent modulus load.
7) Finally, the combined effects of residual stresses
and initial deflection on the ultimate strength of
USS itT-lit Steel bars are shown in Fig. 20. It can be
seen that the effect of initial deflection is quite
pronounced. This is espec~ally true in the region
TJ = (KL/r ) / (KL/r) ~l- = L 0 "
eo
\
. .
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NOMENCLATURE
total cross sectional area
cross sectional area of elastic core
cross sectional area of plastic zone
diameter of circular cross section of bar
Youn~'s modulus of elasticity
tangent modulus
function for axial force, see Appendix
function for bending moment, see Appendix
moment of inertia
effective moment of inertia
coefficient, ratio of effective to actual length
of column
length of column
bending moment
axial load on column
axial load corresponding to yield stress level
radius of circular cross section of bar
deflection at mid-length of effective length of
column
initial deflection at mid-length of effective
length of column
distance between neutral axis and center of
cross section (see Fig. l5(a))
correction factor of Rosette type strain gage
coefficient for equivalent residual stress pattern
coordinate (in the radius direction)
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radius of elastic core
radius of gyration of circular column (= ~ R)
nondimensional parameter
lateral deflection of column
coordinate (in the axial direction)
constant in equivalent residual stress pattern
constant in equivalent residual stress pattern
constant in equivalent residual stress pattern
nondimensional parameter of additional deflection
nondimensional parameter of initial deflection
change of axial strain due to boring-out or
turning-down
change of tangential strain due to boring-out
or turning-down
change of radial strain due to boring-out or
turning-down
strain in,Poisson's ratio measurement (see
Art. 2.5)
strain in Poisson's ratio measurement (see
Art. 2.5)
strain gage reading in Poisson's ratio measure-
ment '
strain gage reading in Poisson's ratio measure-
ment.
Poisson's ratio
coefficient in Eq. 4.16
nondimensional parameter
nondimensional parameter
Po
Pff
(1
O't!
°e
O'er
O'R
Ci"1
or
Oz
Ci'Q
I
a!'
\1~
0'@
Ct-
o~z
01'1g
.~~
ir }e
G
,~
~ Q
-.
',.
\
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.
constant fo~ elastic-plastic boundary in cross
section
constant for elastic-plastic boundary in cross
section
axial compressive stress due to loading
average compressive stress due to loading
linear stress distribution, (see Eq. 4.11)
,,'
buckling stress of column
equlval.ent residual stress; Eq. 3.7
yield S'C:NHJS
residual stress in radial di~ection
residual stress in axial direction
residual stress in tangential di~ection
residual st~esses in the specimen after bored-
out but prior to 'turnlng=down
change of residual stresses due to boring-out
curvat~e
deformation function in Sach1s method
coordinate (tangential direction)
limiting angle of elastic-plastic boundary
pattern, Eq. 4.18
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cp = tEEt nondimensional parameter of curvaturecry
A =: aa/cry nondimensional parameter of average stress
S =: elR nondimendionsl parameter for the position of
neutral axis
"f) = (KFL)/(~)* nondimensional parameter of slenderness ratio,Eq • 4.25
· .-
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Table 1
CHEMICAL COMPOSITION OF MATERIAL
Material Heat No. C Mn P S Si Ni Cr Mo Cu V I!
!
USS "T_ln 22C887 0.15 0.92 0.020 0.026 0.26 0.79 0.52 0.45 0.29 0.06Steel
AISI 1020 25c168 .20 .58 .014 .030 .05
Carbon
28C943 .20 .49 .026 .21Steel .013
• .0 '" ..
, ,
Ta.ble 2
SU~RY OF TEST SPECIMENS
J\J
-,!
1\),
..-0
Tension Poisson t s Residual Stress Meas. Cross . "';.'Item Bar Coupon Ratio Boring-out Combined Section Column Test HeatNo o No. Test Meas. Method Method Test No.
" S".'\- ==1
3 14 14-1 14-3 14-4 14-5 14-6, 14-7 f[
14-2 i
r-f I<D 4 4-1 4~3 4-4-1 4-5<D
oP • 4-2 4-4-2 t'- Ien 4 co ,8 8-1 8-3 8-4 8-5 8-6 9 8-7 9 8-8 ",co !;: 0 ,
r-f 8-2 (\Jft I (\JE-i 1 1-1 1-3 1-4 1-5 1-6 1-7;: ,
en 5
'1-2
ro 2-3 2-4 2-5p 2 2-1 2-0-1
2-2 2-0-2
C C-1 C-0-1 C-3 C-4 c-5 cor-f 0-2 C-0-2 ..00) ,..-l
00) 0
(\JoP D D-1 D-5 V\oro (\J
r-f D-2
HS:: 6-A E E-1 E-5 C"'\taO ..::tH,o E-2 CJ'<H 0
to F 'F-1 F-5 co0 (\J
F..2 .--...
Remarks: The first --letter of Test Number in the" ta.b1e corresponds to the Bar Number:,
e.g o, Test No. 4-4-2 stands for the second test of residual str&ss measure,..
'ment by combined method on Noo 4 bar
• •
Table 3
TENSION COUPON TEST RESULTS
--- Ultimate percentag6-~·1
Bar_ Test ,Young's Yield Stress (ks!) Tensile Percentage Reduction ,
No o No. Modulus Static Strain Rate:i: 80 0.2% S'i:;renyth Elongation in Area !( 10 3 ksi) 'Level micro in/in/sec Ofiset (ksi, 'In 2 in. (1') I
!,
1 1-1 28.2 122 123.5 116.8 132.5 22.5 64.51-2 29.1 121.5 126.5 116.8 134 23.5 66
2 2-1 28.9 102.5 103.5 113.8 113 25 712-2 28.3 102.5 104.5 -113.8 114· 2'4.5 72
4
4-1 28.2 117 119.5 116.5 127 22 68.5 ~4...2' 29.4 117.5 120 116.5 127 26.5 688 8-1 28.8 114 115 117.6 123.5 22 718-2 29.1 115 116.5 117.6 124.5 24 71
14-1 29.5 119.5 122 122.7 126.5' 4H~ 6814 14-2 28.8 117.(5 119.5 122.7 121. 5' 23.5 70
C... 1 29.1 36.2 37.0 37.1 72.3 49G C-2
-- --- --
37.1 72.3 49
D D-.l 29.8 30.7 33.6 37.1 59.6 64D;..2 29.8 31.0 32.5 37.1 59.7 63.5
E E-l 29.1 34.4 35.4 39.1 63.0 620:5E-2 29.4 34.3 3506 39.1 62.6 61
F-l 29.4 34.0 35.0 39.1 62.0 60 --F F.;;.2 28.8 34.0 35.0 39.1- 62.3 61
--
- - -- . -
* This data was suppliedoythe United States Steel Corporation
** Fracture took place outside the 2" gage marks
-~
\
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Table 4
TEST RESULTS OF POISSON'S RATIO MEASUREMENT
.~.
ISpecimen I Poisson's Young~s ModulusMaterial INumber r Ratio I (ksi)tUSS TlT~lf1 2';'0~1 0 0269 30,000
Steel 2~0~2 ·0286 I 30,700
Average I .278 30,400
AISI 1020 C~O-l I 0273 30,200
0294
-I
30,500Carbon Steel C-O-2
Average ~284 30,400
Note: Correction factor k = 30
!
\.n.
o
. ,. , . ..
."
Max.
Load
Red.
Mod"
Load
Tang.
Mode
Load
Pmax
Py
Pmax
(kips)
do
R
Initial 'Maximum Load
Def1ec- (Test
t ion, Resultsr
Slenderness
Ratio
Table 5
COLUMN TEST RESULTS AND C0l1PARISON WITH THEORETICAL VALUES
L KL
( in) ( in)
Actual Effec-
Length tive
Length
Il-----t-----+-----,-----+-----+----.,-----fl-----
Test
'No.
r
Item
No o
.3
726 ,0.965 0.935 0.97 0.97
I
II 4
14-6
14-7
8-6
40 22.6
62 33.2
40 22.0
62 33.0
0.666
.976
.626
0.011
.036
.013
542
6.40
490
.72 .88
.885 .915
.675 .80
.90
.955 .87
.66
'1
•0.027 !
~
i
.82
.52
.99
.935
.655
.79 .92
.89 .972
.51 .64364
580
658,,028
.012
.658
.979
1.2080 41.7
40 22.0
62 32.7
1-6
8-8
5
'--1
'08~
, ._~
--..R_e_f_e_r_s_t_o_: ---L_F_i_r_·_J....-__4_r_-t_3_----JL....-_F_i_~_o_.&___&F_F_i~_g_~_~_9 _1...--4_r_:_i__l.._4_r-_t2_·.l..-.4_r__t_,3....L._A_r_t_._3_-=2J
' ..
Total Length 30' ('approx.)~
,
"
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"frote:- Numbers in the fIgure indicate Test No. of the specimen
Fig. 1 - POSITION OF INDIVIDUAL SPECIMENS -'
.:.,-'
d == ,o.505 n
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---- - '~f+H-+++H+H+H-'ht~"
Fig. 2(a) - 0.505" STANDARD COUPON SPECIMEN
100
l2~. 5 ksi
----- ~-
-~
_-i__,__-----~-"""\,...----~r_--- --~
Bo~ BO·.--I.- 250 +6501 Boo
, strain rate (micro in/in/sec.)
USS, "T-l" Steel (T. No. 8-2)
..-...
'..-I 80
ro
, ..M '
-
40
strain rate (micro in/in/sec.)
80 250 400 ----~~f--250 ,,6~s~
---~.
--~
AISI 1020 Carbon Steel
(T. No. E-l)
L.--L---L...--J.-..J-1_1:.-:-'"1~ ~:-""I~I , --..1---.l.1--=-,-'~I--..I--.....L.--L1~I~ _
0.01 0.02 ' 0.03 0.04
Strain (in/in,.)
Fig. 2(b) - TYPICAL STRESS-STRAIN DIAGRAM
FROM TENSION COUPON TEST'RESULTS
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Fig. 3 - SETUP OF THE SPECII1EN
FOR RESIDUAL STRESS MEASUREMENT
(By Boring-Out Method)
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Fig. 4 - SETUP OF THE SPECIMEN
FOR RESIDUAL STRESS MEASUREMENT
(By Turning-Down Method)
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I X _ by boring-out method
a - by turning-down method
1 0
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0.40.2
Fig. 6(a) - Item No. 3
Bar No. 14
(Quenched, Tempered and
Air-Cooled Material)
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Fig. 6(b) - Item No.5
Bar No, 2
(Quenched, Tempered, Quenched
and Stress-Relieved Material)
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Pig. 6 RESIDUAL STRESS DISTRIDUTION IN CIRCULAR CYLINDER
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Fig. 6(c) - Item No.4
Bar No. 4
(Quenched, Tempered and Quenched Material)
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APPENDIX
Functions F().,<p) and G(A:,<p). (See Eqs.' 4.22
and 4.23 in Art. 4.3.)
Case (A)
p =). + 20. (1-Pon+2) _ ()'+!3-1) (l-Po2)
y (n+2) 2lJ.Tr 2iJ,Tr
"'73
,"
.a
•
t
Case (B)
P 20. ( n+2 n+2) ().+(3-1) (p2
- p~)p= (n+2) 2I-LTr Pn Po + 2IJ.Tr ,Y 1T"
+ (1 - 20. - (3) 2 <p u. (p. 3 + p~)n+2 - 1T (1+91-\2) 11'
-
F(7I.,<p)
272.1
Case (A)
-74
2a tJ. {(n+3) llJ.SinG~~-cosg~~+pon+3}
1+(n+3)2jJ.2
1 +8lJ.2 (cos 2G~~=!J.sin2g~~) = (1+81J.2) P6
+ 16~(1+4jJ.2) ~
2tJ.(JiJ.Sine'l~ = cose~:'+P6) (l=A-fj)
+ ---------------
1+9~2
_ G(A,~)
Case (B)
M
--
cry R.3 -
2av.01Tn+3+Pon+3) + (1+8tJ.2) (p;-p~)
1+(n+3)2jJ.2 16jJ.(1+4~2) ~
...
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